We investigate the probability forecasting performance of a three-regime dynamic ordered probit model framework suitable to forecast recessions, low growth periods and accelerations for the U.S. and Japan. In a first step, we apply a non-parametric dating algorithm for the identification of these three phases. We compare the pseudo-out-of-sample forecasting skills of an otherwise standard binary dynamic probit model with a three-regime dynamic ordered probit framework by means of a rolling-window exercise combined with time-varying indicator selection. Based on a set of monthly macroeconomic and financial leading indicators, the results show the superiority of the ordered probit framework to forecast all three business cycle phases up to six months ahead under real-time conditions. Apart from standard probability forecast evaluation measures, receiver-operating curves and related summarizing statistics are computed.
Introduction
In recent years, and especially since the 2007-08 global nancial crisis and the resulting worldwide economic recession, many countries have featured a prolonged period of low-growth coupled with stagnant high unemployment rates (Adler et al., 2017) . Subsequently, the standard dichotomous classication of the business cycle in expansionary and contractionary phases seems to be somehow outdated for this new low-growth macroeconomic environment.
Following the work by Sichel (1994) , a number of studies has already investigated the advantages of extending the characterization of the business cycle into a three-phase phenomenon.
For instance, Krolzig and Toro (2001) study the interaction between U.S. real GDP and employment using a three-state Markov-switching (MS)-VAR model, where the three (unobservable) states are associated with recessions, normal and high growth periods. Similarly, Ferrara (2003) estimates a three-state MS-VAR for the US economy where the states are denoted as low, intermediate and high growth regimes, relative to the economy's trend growth rate, see also Nalewaik (2011) and Ho and Yetman (2012) . By contrast, while Schreiber and Soldatenkova (2015) compute the probabilities for recessions, stagnations and expansions from a subset-VAR for the US economy, Proaño (2017) proposes a non-parametric dating algorithm for the identication of accelerations, normal or low economic growth periods and recessions, and predicts these phases for the German economy within an ordered probit model framework. Further, Candelon et al. (2013) investigate a four-regime ordered probit model allowing also for the dierentiation between normal and severe recessions. Along the same lines Carstensen et al. (2017) use a three-state Markov-switching dynamic factor model for the prediction of ordinary and severe recessions.
An interesting advantage of a more dierentiated characterization of the business cycle phenomenon highlighted by Nalewaik (2011) and Proaño (2017) is that specifying a low or stagnant growth regime leads to improvement in the forecasting performance concerning economic recessions, as the former may proceed or follow the latter. Therefore, a richer classication of the business cycle may have important advantages for policy-making in real time.
In this context, the contribution of this paper to the literature is the application of the threeregime business cycle characterization and prediction proposed by work by Proaño (2017) to two major industrialized economies which have experienced prolonged periods of low growth in recent times: the U.S. and Japan. Through a thorough analysis of the forecasting performance of the ordered probit model relative to the more standard binary probit model approach for dierent forecasting horizons we provide detailed insights on the value added of the ordered probit approach in economies where low growth phases are not seldom or negligible.
Our results can be summarized as follows: First, corroborating the previous ndings by Nalewaik (2011) and Proaño (2017) , we nd for the U.S. and Japan that a three-phase ordered probit model has indeed a superior performance in statistical terms than an analogous binary probit model distinguishing only between recessions and accelerations for all considered 2 forecast horizons. This is also true for the prediction of accelerations and normal or low growth periods (when compared with the corresponding binary probit models) for particular horizons in the U.S. and Japan, being this predictive superiority not statistically signicant in the other cases. Further, binary probit models were not found to have a larger forecasting power. This holds irrespective of the forecast horizon or forecast evaluation samples analyzed.
The remainder of this paper is organized as follows. In Section 2 we discuss a non-parametric dating algorithm for the identication of high and low growth phases and recessions along the lines of Proaño (2017) , as well as the ordered probit modeling approach used for the prediction of these three business cycle phases. In section 3 we discuss our empirical results concerning the U.S.A. and Japan, and compare the performance of the ordered probit model in forecasting economic recessions with that of standard binary probit models using various forecasting evaluation measures. Finally, we draw some concluding remarks from this study in section 4.
Methodology

The Non-Parametric Dating Algorithm
As previously mentioned, we employ in the following empirical study the non-parametric dating algorithm proposed by Proaño (2017) for the classication of the business cycle into economic accelerations, low growth phases and recessions. This algorithm consists of the following stages: First, the recessionary phases are identied according to the Harding and Pagan (2002) extension of the Bry-Boschan (1971) algorithm, whereafter potentially recessionary periods are those between a business cycle peak, dened as
where y t is the two-month moving average of the business cycle reference series, and a business cycle trough, dened as
As an additional censoring rule for the identication of recessionary periods, Harding and Pagan (2002) propose the use of the following measure of severity of an economic downturn
where
and Duration refers to the number of months between peak and trough of the economic downturn considered (see also Anas et al., 2008) . A recessionary period is identied when S j > 0.025, as there is no consensus on the reference minimum duration and deepness of 3 recessions (Darné and Ferrara, 2009, p.5) .
The second stage of the Proaño (2017) dating algorithm consists of identifying among the non-recessionary periods those which could be potentially considered as true economic accelerations or booms, in contrast to those which are periods of low or normal economic growth.
For this purpose, the six-month moving average of the period-to-period growth rates of the reference series is calculated. An economic acceleration period is then identied if a) the annualized centered moving average period growth rate in t exceeds a pre-determined and country/economy-specic valueḡ min t which stands for the normal growth given population growth and technological progress, i.e.
b) the acceleration of Y t is not lower than a given threshold, e.g.
where ∆ refers to the standard dierence operator.
All periods which are not identied as acceleration or recessionary periods, are identied as periods of low economic growth.
Econometric Modeling
Analogously to Proaño (2017) , we use an ordered probit model to estimate the three phases of the business cycle. For this purpose the following discrete variable is dened as follows:
0, if the economy goes through an economic recession, 1, if the economy goes through a stagnative growth phase, or 2, if the economy experiences an accelerative economic phase at time t
with each of these outcomes being jointly determined by the non-parametric dating algorithm described in the previous section.
As discussed in Proaño (2017) , the conditional probabilities of observing each outcome of c t on the basis of a particular set of regressors z i t are given by
Pr c t+h = 2|z
4 with Φ(· ) being the cumulative normal distribution function employed in ordered probit models. As in Proaño (2017) , the set of regressors z i t is restricted by the real-time data availability of the included variables and is parsimoniously determined through an automatic General-to-Specic (G2S) indicator selection procedure based on the statistical signicance of the individual coecients which reduces the dimensionality of the regression model.
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In the following forecasting exercise the ordered probit model is re-estimated in each period using the most recent data (in a rolling window fashion) up to that period (under real-time conditions), so that all h-step ahead forecasts are pseudo out-of-sample, i.e. they are based only on values of the series up to the date on which the forecast is made. The h-step ahead forecast will be computed by means of the direct forecast method, what implies the estimation of a separate regression for each forecast horizon h.
In order to evaluate the forecasting performance of the ordered probit model concerning particular business cycle phases, the three business cycle phases are estimated separately by more standard dynamic probit regressions as in Proaño (2017) . Accordingly, while the binary recession series b t is set such that 
and the low growth variable l t is dened as
, if the economy goes through a recessionary or an acceleration phase at time t, 1, if the economy experiences a low growth phase at time t.
These three binary series b t and a t and l t are then estimated separately using exactly the same set of explanatory variables as potential regressors, and indicator selection procedure.
1 More specically, the following algorithm is applied:
(i) Specify the model using the complete set of potential regressors.
(ii) Check whether any of the variables has a p-value larger than the signicance level α.
(iii) Omit the variable with the highest p-value, p * , if p * > α and re-estimate the reduced model specication. If the p-value of none of the variables exceeds α, stop the algorithm. Otherwise repeat steps (ii) and (iii). The nal model consists only of the variables for which the corresponding signicance level of the nal model fullls the condition p * ≤ α. In our work we set α = 0.05. Alternatively, we performed the complete analysis using a specic-to-general (S2G) lag selection procedure which delivered quite robust results. All Gretl (Cottrell and Lucchetti, 2017) codes required for the replication of our results are available upon request.
Forecast Evaluation Criteria
We evaluate the forecasting performance of the ordered and the binary probit models at dierent forecast horizons using a variety of evaluation measures. Two standard overall measures of probability forecast quality which have been recently applied e.g. by Lahiri and Wang (2013) and Döpke et al. (2015) are Brier's Quadratic Probability Score (QPS) and the Log Probability Score (LPS) over the spectrum of forecasts of interest (Diebold and Rudebusch, 1989) . The QPS is a measure of the mean squared error comparing the predicted probability of an event with an indicator of the event, and is dened as
where Y t refers to the ex-ante probability of an event at time t and Y t is a binary variable taking on the value unity at period t when the event of interest occurs, otherwise zero. T is the total number of forecasts available. The QPS takes a score of 0 in case of perfect accuracy and 1 vice versa.
In contrast, the LPS is dened as
and ranges from 0 to ∞, with the value of 0 meaning perfect forecasting accuracy. Note that the LPS penalizes large errors more heavily than QPS.
An alternative approach to assess probability forecast performance is to focus on the hit rate and the false alarm rate (Lahiri and Wang, 2013, 175) . Consider the standard contingency table (see Table 1 ) for binary outcomes of the realizations Y and its associated probability forecastŶ where Y = 1 represents the actual occurrence of an event (otherwise 0) andŶ = 1 the correct prediction of the occurrence of this event (otherwise 0) and true positive. The total number of the occurrence of actual events is P = T P + F N while the total number of no events is given by N = T N + F P . The receiver-operating curve (ROC) plots the true positive rate (T P/P ) against the false positive rate (F P/N ) for each value ofŶ showing that both rates are functions of the cut-o ω * , also called the binary event classier. For a skillful forecast both the true positive rate, and the specicity, one minus the false positive rate, are expected to be high.
We compute two summarizing statistics of the ROC curve: (i) the AUROC, and (ii) the Youden index. More specically, the AUROC is the area under the ROC curve, and measures the overall accuracy of the forecast model. A perfect classier has an AUROC of 1 while a model with an AUROC of 0.5 predicts no better than a coin ip. In the following, we will test the null hypothesis of no dierence between the AUROC statistics of two competing models,
However, the AUROC does not provide information on the optimal cut-o ω * . By contrast, the Youden index is dened as the distance between the hit rate and the false alarm rate as measured by the maximal vertical gap between the diagonal and the ROC curve. This distance is just maximized at a cut-o value which maximizes the fraction of correctly predicted binary outcomes which are functions of ω * . Thus, the Youden index not only provides a numerical summary of the ROC curve, but it also measures the local skill of a specic cut-o. This statistics is computed as
A Youden index of zero corresponds to a random classier while a Youden of 1 refers to a perfect classier. for durable goods, growth of industrial production, S&P500 real stock market returns, the 10-year Treasury rate minus the 3-month Treasury bill rate, the 3-month commercial paper rate minus the Federal funds rate, growth of real oil prices, and the consumer sentiment index.
Japanese monthly data cover the period between 1989m1 and 2015m12 (324 observations). We consider growth of industrial production, growth of real domestic machinery orders, growth of foreign machinery orders, growth of real retail trade, Nikkei real stock market returns, the dierence between the 10-year government bond yield and the 3-month money market rate, growth of real oil prices, the business sentiment index, and growth of unlled job vacancies.
For details on the data and eventual transformations we refer to the Data Appendix.
2 For computation of the ROC curves and related statistics we use the Gretl package roc (vers. 1.02) provided by Peter M. Summers. (2017) we use the following values for the U.S. and Japan, respectively, as described in Table 2 . Figure 1 depicts the underlying industrial production series and the corresponding business cycle classication using the ARNG indicator for both the U.S. and Japan, respectively. For the U.S. we additionally plot the NBER recession dates (which are based on real GDP growth instead), while for Japan we add estimated OECD recession dates (also based on real GDP growth). Overall, in both countries the ARNG algorithm delivers a plausible chronology of the business cycle. On the one hand, the recessionary periods are in line with the NBER and OECD recession dating for the U.S. and Japan, respectively. Further, the dierentiation between true economic accelerations and low growth periods seems particularly meaningful in the U.S. in some periods after the 2007 crisis, as well as in Japan in numerous periods over the whole sample. Table 2 . ARNG dating based on U.S. and Japanese industrial production index (two-month moving average). For the U.S. the NBER dating is based on growth of real GDP, and for Japan the recession dates are based on OECD estimates using growth of real GDP as the reference series. 
Estimation Results
In this section we discuss the out-of-sample probability forecasts of both the dynamic ordered probit model as well as dynamic binary probit models using the ARNG indicator.
For the U.S., the complete sample ranges between 1979m1 and 2016m9, and the initial training set uses 84 observations from 1979m1 to 1985m12 to determine the optimal set of features (regressors) before computing the h-step-ahead direct forecasts. Next, the beginning and end of the training set are extended by one additional observation such it ranges from 1979m2 to 1986m1. The last training set is determined before computing the h-multi-step direct forecasts. The number of forecast sequences is 369. For Japan the sample ranges from 1990m4 to 2015m9, and the initial training set uses 84 observations from 1991m6 to 1998m5 yielding 209 forecasting sequences.
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As previously mentioned, in each of the following periods the ordered and the binary probit models are parsimoniously re-specied through an automatic General-to-Specic (G2S) indicator selection procedure starting with a maximum of seven lags of each variable. This implies that the set of regressors in the predicting models may vary signicantly over time, as well as the recurrently newly estimated individual coecients. Figure 2 illustrates the normalized (by their respective full-sample median value) point coecient estimates from the ordered probit model using a rolling-window estimation method.
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Recession Probability Forecast Evaluation
We evaluate rst the recession prediction performance of the binary as well as the ordered probit models. Figure 4 illustrates both the LPS and QPS measures for both models for (i) the complete forecasting sample, and (ii) for a forecasting sample starting in 2007m1 to focus on the forecasting performance of both models since the GFC period.
For the whole forecasting sample we nd for both the U.S. and Japan that the ordered probit model yields more accurate forecasts compared to the binary probit model according to both the QPS and LPS criteria. More specically, for the U.S. the LPS measure of the binary probit model is about three times higher compared to the ordered probit model for the rst three horizons and even 5 times higher for the 6-month horizon. For Japan, we report at the Apart from the QPS and LPS measure, we evaluate the recession probability forecasts for both countries using the AUROC statistics and the Youden index. The results for the full sample and the subsample since 2007m1 are reported in Figure 5 .
The results indicate that the ordered probit model is superior to the binary probit model for both the U.S. and Japan. Based on the complete forecasting sample for the U.S., the ordered probit yields an AUROC ranging, dependent on the forecast horizon, between 0.85 and 0.89.
In the binary probit case, this statistics is about 0.84 for the rst three horizons but falls substantially to 0.65 at the 6-month horizon which conrms its rather poor forecasting skills.
These ndings are also conrmed by the Youden index. Interestingly, when considering only forecasts since 2007, we observe that both models yield slightly higher AUROC and Youden statistics throughout all forecast horizons. However, still the ordered probit model dominates.
For Japan, based on all forecasts available, we observe that the ordered probit model yields at Table 3 reports the results of the test on equal AUROC statistics between the binary probit model and the ordered probit model for each forecast horizon. In the following, we set a signicance level of 5% for rejecting the null hypothesis.
For the U.S. we nd evidence that, using all forecasts available, the ordered probit model signicantly outperforms the binary probit alternative at all forecast horizons as the null hypotheses can be rejected at the 1% level. Considering only the period since 2007m1, we can reject the null at least for forecast horizons longer than three months. These results underline that the ordered probit case yields signicantly better probability forecast results compared to the binary probit case in the U.S. Very similar results are obtained for Japan, as, independent of the chosen sample, the null can be rejected for each forecast horizon. 
Acceleration Probability Forecast Evaluation
Analogously to Figure 5 , Figure 6 shows the AUROC and Youden index values for the prediction of acceleration periods through the ordered probit and a corresponding binary probit 13 model. Table 6 For the United States, our results indicate that the ordered probit seems to have a superior forecasting performance than a binary probit model over all horizons and in both forecasting samples applied on an acceleration binary series concerning the AUROC and Youden index values. However, the forecasting performance of both prediction models is not statistically dierent at all forecasting horizons when the whole forecasting sample is considered. By contrast, the opposite holds when the post-crisis forecasting subsample (when the low growth phases are relatively more relevant) is considered. This conrms the superiority of the ordered probit model for predicting acceleration phases since 2007. Similarly, for Japan, where low growth phases are more frequent and thus a dierentiated treatment is more meaningful, the results of the test for forecasting equivalency indicate that the forecasts of the ordered probit model are statistically superior than those of a binary probit model. This holds for both samples tested. 14 3.2.3 Low Growth Probability Forecast Evaluation Analogously, Figure 7 illustrates the AUROC and Youden index values for the prediction of low growth periods by the ordered probit and a binary probit model for that particular regime. The corresponding test results for forecasting equivalency are summarized in Table 7 in the Appendix. As in the previous case, the AUROC and the Youden index values for the U.S. indicate that the forecasting performance of the ordered probit model is superior to that of the binary probit for nearly all forecast horizon in both forecast evaluation periods. However, the test results in Table 7 indicate that only for the one-month ahead forecast horizon in the post-crisis evaluation sample the ordered probit model's performance is statistically dierent, in terms of the AUROC statistics, than that of the binary model (rejection at the 10% level). We obtain a similar picture for Japan, where the ordered probit model's forecasting performance is only statistically superior than that of the binary model at certain forecast horizons. Nevertheless, in terms of the Youden index the ordered probit model dominates throughout all horizons. 15 3.2.4 Overall probability forecast evaluation
In the previous subsection we evaluated the recession, acceleration and low growth probability performance separately for both the binary and ordered probit model, respectively. In this section, we go a step further and assess the skills of each model type to forecast jointly recession periods, low growth periods as well as acceleration events.
To do so, we compute both the QPS and LPS statistics for the recession probability binary probit model (as already discussed before), the low growth probability binary probit model and the acceleration probability binary probit model. Using these three QPS and LPS statistics, we compute the mean LPS and QPS statistics across all three states. The same is done for the ordered probit model. Hence, we obtain a joint forecast accuracy measure for the binary and the ordered probit model, respectively. For the U.S. we see that the ordered probit case yields an QPS of about 0.11 compared to an average of 0.15 for the binary probit case across all six forecast horizons. Interestingly, in terms of the LPS measure both models perform similarly for the rst three forecast horizons before the ordered probit model dominates at longer horizons. This implies that the binary probit model suers from some large forecast errors at longer horizons which the LPS penalizes more heavily compared to the QPS. In the Japanese case we observe that the ordered probit model clearly outperforms the binary probit model at all horizons according to both criteria.
The performance advantage of the ordered probit model is at least about 40% to 50% for both the QPS and the LPS measure, respectively.
In Figure 9 we illustrate the same statistics for the forecasting sample since 2007m1. While the results remain unchanged for the Japanese case, we nd even stronger hints for the U.S.
that the ordered probit model dominates the binary probit model stressing the good joint forecast accuracy performance of the ordered binary model since 2007. Concluding Remarks How many are enough? So far, the great majority literature on business cycle forecasting has used the dichotomous characterization of the business cycle consisting in recessionary and expansionary phases stemming from the seminal work by Burns and Mitchell (1946) . However, many countries around the world have experienced pronounced periods of stagnant or low economic growth coupled with high and persistent unemployment rates and slow technological progress which can barely be considered as expansionary phases in recent times. Against this background, new research has explored more dierentiated classications of the business cycle phenomenon.
In this paper we applied the three-phase business cycle classication by Proaño (2017) accelerations, low growth periods and recessions and used his proposed ordered-probit approach to forecast these economic phases for two major industrialized economies: the U.S.
and Japan. Using state-of-the-art forecast evaluation measures we assessed the forecasting power of the ordered probit model at various forecast horizons. Interestingly, and corroborating the results by Nalewaik (2011) for the U.S. and Proaño (2017) concerning Germany, a more dierentiated characterization of the business cycle phenomenon in the U.S. and Japan and the subsequent prediction of multiple business cycle phases in a consistent framework where the three estimated state probabilities add up to one in each period turned to be superior in many cases to the performance of binary models aimed at forecasting each of the three phases individually.
Summing up, our results suggest that the approach pursued in this paper is a promising direction for future research aimed at a better characterization of the business cycle phenomenon. The views expressed in this paper do not necessarily reflect those of the IMK or the Hans-Böckler-Foundation.
A Appendix
All rights reserved. Reproduction for educational and non-commercial purposes is permitted provided that the source is acknowledged.
